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Abstract 
This paper provides some restrictions to reversible (m, n, k, A,, I,)-abelian divisible difference 
sets (DDS) with k - II nonsquare. These restrictions give more evidence for a conjecture in Ma 
(1990) and Arasu, Jungnickel and Pott (1990) 
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1. Introduction 
Let G be a finite group of order mn with a subgroup N of order n. A k-element 
subset D of G is called an (m, n, k, A,, &)-divisible difference set (or, for short, an 
(m,n, k,&,&)-DDS) in G relative to N if the differences did;‘, dl,d2 E D, dl # dz, 
represent each element in G\N exactly A2 times and each nonidentity element in 
N exactly A1 times. D is called abelian (resp. cyclic) if G is abelian (resp. cyclic). If 
H1,Hz, . . . . H, are the distinct cosets of N in G, then sl, s2, . . . . s, are defined by 
si = ID n HiI for all i = 1,2, . . . . m. These are called the intersection numbers of 
D relative to N. By a counting argument, we have 
(1.1) 
Given a group G with a subgroup N, it is obvious that G, G\(g), 
G\Ng, (G\Ng) u (g), Ng, Ng\{g), (9) and 8 are divisible difference sets in G relative 
to N. We call these examples trivial. Following the definition in [2], a nontrivial 
(m, n, k, iI, I,)-DDS D is called proper if I1 # &, m # 1, n # 1 and A2 # 0, 2k - mn 
since if A, = &, m = 1 or n = 1, then D is just an ordinary difference set in G; if A2 = 0 
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(resp. A2 = 2k - mn), then D (resp. G\D) is a difference set in N. Also, D is called non- 
degenerate if k - 1z # 0. Since the complement of D in G is also a DDS, we may 
restrict our attention to the case k < mn/2 without loss of generality. For an arbitrary 
integer t and any subset D of G, we define D(z) = {gz ) g E D}. The integer t is called 
a multiplier of D if D(z) = Dg for some g E G. If D(z) = D, then t is said to be a strong 
multiplier; on the other hand, if t fixes no translate of D, then t is called a weak 
multiplier. If D admits - 1 as a strong multiplier, we call D reversible. 
Recently, there have been numerous studies of DDS with multiplier - 1 (see 
[2,10,13]). In particular, the case G is cyclic and the case kZ - &mn is a nonsquare 
are completely characterized in [lo]. In this paper, we deal with the case k - A1 is 
a nonsquare. We obtain many restrictions which support a conjecture in [13,2]. 
However we still cannot give a complete solution to the conjecture. 
2. Preliminaries 
In the study of difference sets, we often make use of suitable group rings. Let R be 
a commutative ring with 1, and R [G] be the group ring of a given group G over R. By 
abuse of notation, we will identify each subset S of G with the group ring element 
S = Cxes x. Also, for y = C geC a,g in R [G], we define y(‘) = Cgsc aegf where t is an 
arbitrary integer. With these notations, one has the following simple result. 
Lemma 2.1. A subset D of G is an (m, n, k, AI, &)-DDS in G relative to N if and only if 
DD’-” = k - A1 + &N + &(G\N). (2.1) 
If D is reversible, then (2.1) can be rewritten as 
D2 = k - A1 + 1zN + A,(G\N). (2.2) 
Another useful tool in the study of abelian difference sets is character theory. In the 
following, we always assume that G is an abelian group of order mn, N is a subgroup 
in G of order n, G* is the group of characters on G and x0 is the principal character on 
G. For every character x E G, the induced homomorphism from @[G] to @ is also 
denoted by x. Finally, for any subgroup H of G, we define H’ = {x E G: x is principal 
on H}. It is well known that IH’J = IG/HI. 
Theorem 2.1 (Arasu, Jungnickel and Pott [2]). Let D be a nondegenerate 
(m, n, k, AI, ,I,)-DDS with multiplier - 1. Then every prime p dividing k - A1 also 
divides mn. 
Theorem 2.2 (Arasu, Jungnickel and Pott [2]). Let D be a reversible proper 
(m, n, k, AI, A,)-DDS in an abelian group G relative to N for which k - A1 is not a square 
and let t be an integer with (t, mn) = 1. Then t is a strong multiplier for D if and only if 
t = + l(mod8). 
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Theorem 2.3 (Arasu, Jungnickel and Pott [2]). Let D be a reversible proper 
(m, n, k, I,, ,I,)-DDS in an abelian group G relative to N for which k - A1 is nonsquare. 
Then the following conditions are satisjied: 
1. (k - I,,)* = 2 and n is a power of 2, where (k - AI)* is the square free part of 
k-I,. 
2. N c G2. 
3. exp G = O(mod 8). 
4. The Sylow 2-subgroup of G is not cyclic. 
5. mn is divisible by 16. 
6. II # 0. 
Conjecture (Ma [13], Arasu, Jungnickel and Pott [2]). Let D be a proper reversible 
(m, n, k, I,, I,)-DDS in an abelian group G relative to N. Then k - A1 is a square. 
We also introduce the definition of difference lists here. Let H = {g i ,g2, . . . , g,,} be 
a finite group of order h, L = x3= 1 sigi, si > 0, is an element in the group ring Z[H], 
and ,u is a positive integer. L is said to be a (sr , s2, . . . , sh; p)-difference list on H if 
(2.3) 
For a more detailed description of difference lists, please refer to [3]. 
3. Main results 
Theorem 3.1. Let D be a nondegenerate reversible (m, n, k, II, ,12)-DDS in an abelian 
group G, and k - iI is nonsquare. Then every odd prime p dividing k - ,I1 also divides m. 
The proof is obvious from Theorems 2.1 and 2.3. 
Theorem 3.2. Let D be a proper reversible (m, n, k, 2,) I,)-DDS in an abelian group 
G relative to N. If k - A1 is nonsquare, then 41m. 
Proof. By Theorem 2.3, n is a power of 2. If m is odd, by Theorem 3.6 in [2], then 
k - ,I1 is a square, which contradicts our assumption. If m = 2 (mod 4), then the Sylow 
2-subgroup of G is noncyclic (Theorem 2.3). By Theorem 3.1 in [ 11, k - ,I1 is a square, 
which leads to a contradiction with our assumption that k - A1 is nonsquare, 
therefore 41m. This completes the proof. Cl 
Theorem 3.3. Let D be a proper reversible (m, n, k, I,, i,)-DDS in an abelian group 
G relative to N, where k - 1, is not a square. Then D can be written as follows: 
D = NA + C Nigi, 
i=l 
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where B = {g1,g2, . . . ,g,}, A and B are subsets of S which is a system of coset 
representatives of N in G, A n B = 0. Ni E N, 1 Nil = n/2, i = 1,2, . . . . r. Furthermore 
D(l) = D, 1 E k 1 (mod 8), (I, v) = 1, 
D”’ = NA + i (N - Ni)gi, I = + 3 (mod 8), (1, v) = 1. 
i=l 
This theorem is implicitly contained in Arasu et al. [2]. 
Proof. Since D is a reversible (m, n, k, Al, A,)-DDS in abelian group G relative to N, we 
have 
D2 = k - L1 + &N + L,(G\N). 
For any x E G*, 
x(D)’ = 
1 
k2 if x = x0, 
k2 - A2mn if x E N’\(xo}, 
k - A1 if x# N’. 
Let <, be a primitive eth root of unity, where e = exp G. For I$ N’, 
x(D) = &- ,/m in E which is a quadratic subfield of Q(&). By the Galois theory, 
we have 
Q E E s Q(L), 
G’ 1 H 1 {l}, 
where G’ = GalQ(&)/Q z (Z/(e))*, Znv H = E, [G’: H] = 2, and G’ = H u awH, 
where go : 5, I+ t$. 
We begin with o1 E H. If x E N’, then x(D) E Q, hence x(D”‘) = al(x(D)) = x(D). If 
x E G*\N’, then x(D) E E = Znv H, hence x(D(‘)) = a&(D)) = x(D). In summary, we 
have DC” = D if eI E H. 
Now we consider 6,. Note that 0, $ H. If x E N’, then x(D) E Q, hence 
x(D’“‘) = 0,(x(D)) = x(D). If x E G*\N’, then x(D) E E = Znv H, hence 
x(D’“‘) = a&(D)) = - x(D). That is to say, for all x E G*\N’, x(D’“” + D) = 0, so 
by inversion formula, 
DC”‘+ D= &Ng, 
ass 
S is a system of coset representatives of N in G, and zg E {0,1,2}. 
For x E G*\N’, x(N) = 0, thus we always have 
x(D”‘N) = x(DN), if x E G*, (1, v) = 1. 
That is to say, 
D’“N = DN t for all 1 (I v) = 1. 3 9 
(3.1) 
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Let p : G + G/N be the canonical epimorphism. Then 
pD”’ = pD 
combining (3.1) and (3.2), we have 
D = NA + Nlg, + NZg2 + a.. + N,g,, 
A c S, B = (91&9 . . ..sJ = S, 
AnB=@, Ni c NT1 Nil = i, r > 1. 
We also obtain 
D(l) = D 3 if o1 E H 7 
D’” = NA + i (N - Ni)gi if OI# H. 
i=l 
By Theorem 2.2, we have 
D(‘)=D ifI= + l(mod8) - 3 
D(l) = NA + i (N - Ni)gi if I s _+ 3 (mod 8). 
i=l 
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(3.2) 
(3.3) 
This completes the proof. 0 
Theorem 3.4. Let D be a proper reversible (m,n, k, AI, AZ)-DDS in an abelian group 
G relative to N. If k - I1 is not a square, then (m, n, k, 2,) A,) can be written as follows: 
(m,n,k,L,,&) = (4m,,2”,2”k1,2”1;,2”-‘~;). 
Proof. By Theorem 3.3, we have 
D=NA+Nlg,+**.+N,g,, r>l, NiZN, INil=:. 
Assume 1 Al = s, by (l.l), we have 
ns + 5 = k, 
sn(n - 1) + y t - 1 
( > 
= I,(n - 1). 
(3.4) 
(3.5) 
So, r = 4(k - n,)(n - l)/n2, s = k/n - 2(k - &)(n - 1)/n’. By Theorem 2.3, n is 
a power of 2. We assume n = 2”. Since k - 1, is not a square, the square-free part of 
k - II is 2, r is an integer, so 2 2a- ’ I k - iI, and the integer n2 divides 2(k - &)(n - 1). 
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Since s is an integer, we have nlk. This shows k = 2”kl and A1 = 2a1;. By the basic 
relation 
kZ-~zmn=k-~l+I,n-~,n, 
we have 2”-‘I&. S umming up, (m, n, k,&, 2,) = (4mi, 2*,2”kr, 2=X,, 2”-‘1;). This 
completes the proof. 0 
Theorem 3.5. Let D be a proper reversible (m, n, k, I,,&)-DDS in an abelian group 
G relative to N with k - A1 nonsquare. If p is an odd prime and ~“1 k2 - A,mn, then p’I m. 
Moreover 4p2’(&mI. 
Proof. Since D2 = k - 1, + ,I1N + A2(G - N), by Theorem 3.3 we have 
NA + i Nigi 
2 
= k - A1 + &N + 12(G - N), 
i=l 
N2A2 + n i NAgi + 
i=l 
2 
= k - A1 + A1 N + 12(G - N). 
Let p: G -+ G/N be the canonical epimorphism, then 
n2b(A)J2 + n2 i P(A)P(gi) + G 
i=l 
2 
= k2 - 1,mn + I,nG/N, 
n2(2p(A) + p(B))’ = 4(k2 - A2mn) + 4l,nG/N. 
Assume L = 2p(A) + p(B), Ip( = s, Ip( = r, H = G/N, p = 4A2/n, and 
/?’ = 4(k2 - i2mn)/n2. W e h ave L2 = /?’ + ,uH and L is a difference list with coeffi- 
cients of 0, 1 or 2. For any x E If*, 1 #x0, we have x(L) = 5 /I. We define 
C = (g E H\(e) ( xs(L) = j?}. Then C = I/2B(CBEH x&)s + PH - (P + 2kln)e), 
where e is the identity element of the group H. We apply the Fourier transform (see 
[ 12, pp. 44-471) to get 
c xg(C)g = $ (mL + prn.e - 
FfJ 
So, if g f e, 
/$(m-B-z), 
x,(C)= $(2m-/?-F). ‘I -$ p+;. ( 1 (34 
x,(C) is an algebraic integer, and from (3.6), it must be a rational integer. Ifs = 0, then 
L is a difference set, the conclusion is true because of [14, Theorem 73. Ifs > 0, then 
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r + s -C m, because when r + s = m, we have 2s + r = 2kln > m, i.e. k > mn/2, which 
contradicts our assumption that k < mn/2. Hence Zk/fin = ol, ml/? = e,, where o, is 
an odd integer and e, is an even integer. So k*(of - 1) = ,l,mnof , by Theorem 3.4, 
kf(of - 1) = 2l;m,o:, note that 810: - 1, so 41&m,. If p is an odd prime, 
p*‘(k* - l,mn, then p’lm, and p’lk, thus p2’(A2m. In summary, we have 4p2’(l;ml. 
This completes the proof. Cl 
Corollary 3.6. With the same assumptions and notations as in Theorem 3.5, if 
(m - 1,n - 1) = 1, then s # 0. 
Proof. We assume s = 0, i.e. L is a difference set, 
L2 = 4(k* - &mn) 4& 
n* 
+;H, H=G/N. 
By the results in [S, 143, 
4(k* - &mn) = m,2 4A2 
n* 9 
- = m’y, 
n 
2k 
- = m’(m’ + y), m= 
m’(m’ + y - l)(m’ + y + 1) 
n Y 
where yl(m’* - l),m’ is even, and y is odd. Choosing an odd prime p that divides 
m’ + y, it is obvious that Ptrn’, pty, and plk, we have k = 2(n - l)(k - A,)/n since 
s = 0. We obtain 
y(m- l)=m’(m’+y+ l)(m’+y-1)-y= -(m’+y)=O(modp). 
So pl(m - 1). Since (m - 1,n - 1) = 1, we have pt(n - l), thus pl(k - Al), and, by 
Theorem 3.1, p/m, which is a contradiction. This completes the proof. 0 
From Theorems 3.1 and 3.5, we can conclude the following: Let D be a proper 
reversible (m, n, k, Al, A,)-DDS in an abelian group G relative to N, with k - A1 
a nonsquare. If p is an odd prime, and p (k - Al, then p I m. If pi k* - 1,mn, then we also 
have plm. 
We recall the following result on difference set. 
Theorem (McFarland and Ma [ 141). Let D be a (u, k, A) abelian difirence set which 
admits - 1 as a multiplier. Then u and n have the same odd prime factors. 
A natural problem is as follows: 
Let D be a proper reversible (m, n, k, Al, A*)-DDS in an abelian group G relative to 
N, and k - A1 is not a square. If p is an odd prime divisor of m, is it true that pi k - A, 
or plk* - A,mn? 
Lemma 2.6 in a recent paper [lo] answered this question. 
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Lemma 2.6 [Leung and Ma [lo]). Let p be an odd prime such that p(m and ptn. Zf 
there exists a proper reversible (m, n, k,lI,&)-DDS in G relative to N, then either 
plk - A1 or plk2 - I,mn. 
In the case that k - A1 is a nonsquare, we can prove the following stronger result. 
Theorem 3.7. Let D be a reversible (m, n, k, AI, I,)-DDS in an abelian group G relative to 
N, where k - 1, is a nonsquare. If p is an odd prime divisor of m, then p(k2 - 12mn. 
Proof. We assume that ptk2 - A2mn and will derive a contradiction. From the proof 
of Theorem 3.5. we have 
L2=fi2+pH, H=G/N, IHI=m. 
Assume that p’llm, where p is an odd prime, and we choose a subgroup N1 in H 
of order p’- ‘, such that H/N1 = 2, x Z,, x Z,, x .*a x Z,,, where ri’s are powers of 
some primes different from p. Let p : H + H/N1 be the canonical epimorphism. We 
obtain 
Pi = /I’ + pp’- ’ H/N,. 
Let 0(x, , . . . . x,,) = p(L) = &nIN, u,+&x~~~~~x~,, 0 < a, < 2~‘~‘. Note that 
p(L)‘- l) = p(L) and /I” is a perfect square, then for any integer 1, (1,~) = 1, 
p(L)(‘) = p(L). Therefore we have Qxb,xl, . . . . x,,) 3 0(x0,x1, . . . . xJ(modxg - 1) for 
all 1, (1, p) = 1, 0 < 1 c p. By Lagrange’s interpolation formula, we get 
WO,Xl, a-., Xh) = ~(XI,XZ, . . . . Xh)TJXO) +  w,,x,, . . ..%I). 
~(x~IxI.....x~)=$(~(~,x~ ,..., ~d-e(r~~ ,..., h)), 
Tp(xJ = 1 + x0 + ..* + xg-‘. 
Note that $(5::, . . . . t:hh) = 0 or f 2/Jlp, tl,t2, . . . . t,, are not all zero. Now 
ptk2 - I,mn, so r#~(l::, . . ..t$) = 0 and 
8(x0,x1, . . . . xh) = sT,(xO)T,,(xl)“‘T,,(xh) +  o(tp7%-~~xh)7 
2k 
- = 6prI...rh * j?. 
n 
Let w = r1r2 ... rh. We have 
cYpw(bpwn - 4k) + 4A2m = 0. 
Now D is proper, so A2 # 0 and 6 # 0. That is to say p*- 1 Id. Hence 6 = p'- ’ since 
k < mn/2. Note that m = p’w, so mn = 4(k - A,). 
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If pi m, then p) k - AZ so k z A2 (mod p). By the basic relation 
k2 - l,mn = k - ,I1 + Iin - A2n, 
1: z A2 - iI + (A, - 12)n(modp). 
If k z II (modp), then Ai G &(modp), thus pllz, pJk. This contradicts ptk’ - A2mn. 
Therefore ptk - Al. However this contradicts Lemma 2.6 of [lo]. Therefore 
pi k2 - &mn. This completes the proof. 0 
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